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This short paper is dedicated to proving this lemma:

1 Lemma

Lemma 1.1 All natural numbers 3 or above can be part of a Pythagorean triple a2 + b2 = c2 as either a or b (because these
two quantities are essentially interchangeable).

2 Proof

Redefine the pythagorean triple a2 + b2 = c2 to be a2 + b2 = (b+ δ)2, where δ is the difference between b and c. This allows
us to expand the equation:

a2 + b2 = b2 + 2bδ + δ2

a2 = 2bδ + δ2

b =
a2 − δ2

2δ

This allows us to rephrase the definition of a pythagorean triple - a pythagorean triple (a, b, b + δ) has the property that a
and δ are integers, and give integer solutions to the equation for b above. How do we restrict the values of a and δ so that
they always fit this definition?

If we have another look at our equation b = a2−δ2
2δ , we notice that regardless of the values of a and δ, the numerator

needs to be divisible by 2 for b to be an integer. So we know that a2 − δ2 is an even number. There are two possible ways
this could happen - if a2 and δ2 are both even (2n− 2m = 2(n−m)), or if they are both odd (2n+ 1− (2m+ 1) = 2(n−m)).
If one is even and the other odd, then the difference cannot be even (2n+ 1 − 2m = 2(n−m) + 1). So we know that a2 and
δ2 are both even, or both odd. Before making this a restriction, we can realise that for some number a2 to be even, the root
number a must also have been even. This is because, for some prime n to be in the factor chain of a2, it had to have been
in a as well - there is no way the prime could have been constructed by other prime factors being squared. As 2 is prime, it
holds that a and δ are either both even, or both odd.

Rule 2.1 a and δ are both even, or both odd.

This rule is nice, as it kills two birds with one stone -we don’t need to have a rule restricting a and δ to integers, because
this rule does it for you.

Our next rule is that, because we want all our numbers to be above 0, a2 > δ2, a > δ.

Rule 2.2 a > δ

The last is the division by δ, and it varies depending on whether a is even or odd. For odd values of a, we know that δ2 is
divisible by δ, and a2 − δ2 is divisible by δ, so a2 must also be divisible by δ. Now, we don’t know if δ is prime or not, so we
cannot claim that a is divisible by δ. For even values of a, you might find that a2 is divisible by δ, or by 2, but not by 2δ -
so we need to modify the restriction to include this case. (If a is even, δ is even, and as such δ2 must be divisible by 2δ, so
we don’t need to worry about that).

Rule 2.3 If a is odd, a2 is divisible by δ. If a is even, a2 is divisible by 2δ.

So, we have our rules; if a number fits the relevant rules, it must be a solution to the equation, and as such defines a triple.
From the third rule, it is clear that we can find candidates for δ by finding all the factors of a2, and then filtering them
through the other rules. Now, to prove the lemma, I will split the natural numbers into even and odd, as they each have a
slightly different proof.
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2.1 Where a is an odd number

let δ = 1. Both a and δ are odd, so it passes Rule 1. As the lemma restricts a to above 3, which is above δ, it passes Rule
2. We also know that a2 is divisible by 1 for any integer a, so it passes Rule 3. Therefore, all odd numbers can fit the

pythagorean triple of the form (a, b, b+ 1), where b = a2−1
2 , via our formula for b.

2.2 Where a is an even number

let δ = 2. Both a and δ are even, so it passes Rule 1. as a > 3, it passes Rule 2. We know that a is divisible by 2, and as
such a2 must be divisible by 4. since 2δ = 4, a2 is divisible by 2δ, and as such passes Rule 3. This means that (a, b, b+ 2) is

a triple, where b = a2−4
4 .

This demonstrates the Lemma.

2.3 And do the other things

This idea doesn’t just tell you that all numbers are part of a triple, they also tell you a lot about the triples a number can
be part of. For example:

Lemma 2.1 All prime numbers above 3 are part of a single pythagorean triple, and no more.

Where being part of a triple means being one of a or b. This is actually quite simple to demonstrate -first, all primes over 3
are odd numbers, which means they only have to follow the odd number rules. If we factorise the square of a prime a, we
get three numbers; 1, a, a2. These are the only candidates for δ. We already know that 1 works; a2 cannot work, as it is
larger than a, not smaller. also, a cannot work, as it is not smaller than a. The conclusion is that the only way to construct
a pythagorean triple with primes is to use δ = 1, which we have already demonstrated always works.

Alternately, it gives an algorithm for generating all pythagorean triples related to a certain number, which can be im-
plemented programatically. Here is some pseudocode for such a function:

define TriplesOf(n):

divisors = divisors(n*n) # gives a list of all divisors of n*n, the candidates for delta

for x in divisors:

if x >= n:

remove x from divisors # removing candidates larger than n, per rule 2

if n is odd: #seperating for rule 1

for x in divisors:

print n, "squared +", (n*n-x*x)/2x, "squared =", (n*n+x*x)/2x, "squared."

elif n is even:

for x in divisors:

if x is even: # rule 1

if n%2x =0: # rule 3

print n, "squared +", (n*n-x*x)/2x, "squared =", (n*n+x*x)/2x, "squared."

else:

print "please input an integer."
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